Placement of robotics manipulators involves the specification of the position and orientation of the base with respect to a predefined work environment. A general approach to the placement of manipulators based on the kinematic dexterity of mechanisms is presented. In many robotic implementations, it is necessary to carefully plan the layout of the workplace, whether on the manufacturing floor or in robot-assisted surgical interventions, whereby it is required to locate the robot base in such a way to maximize dexterity at or around given targets. In this paper, we pose the problem in an optimization form without the utilization of an inverse kinematics algorithm, but rather by employing a dexterity measure. A new dexterous performance measure is developed and used to characterize a formulation for moving the workspace envelope (and hence the robot base) to a new position and orientation. Using this dexterous measure, numerical techniques for placement of the robot and based on a method for determining the exact boundary to the workspace are presented and implemented in computer code. Examples are given to illustrate the techniques developed using planar and spatial serial manipulators.
Introduction
Manipulator placement in an environment such that it will perform a number of tasks with maximum dexterity is a challenging problem. In this paper, a mathematical formulation is presented based on the kinematics of the manipulator and that does not require obtaining solutions to the inverse kinematics problem.
There has been limited works addressing the placement problem. This is due to the overwhelming focus given to the placing of path trajectories in a robotic environment versus placing the robot in a pre-specified environment. In many cases, the targets cannot be displaced because of physical constraints such as weight or geometry, or because of inability in the case of robotic medical interventions where it is not recommended to move the patient. Early works addressing placement for avoiding interference between the manipulator links was reported by Pamanes-Garcia (1989) and Zegloul and Pamanes-Garcia (1993) , while arm reachability as the basic criterion for placement was reported by Seraji (1995) .
Workspace volume (Park and Brockett 1994) , reachability, and manipulability are measures that have been used in the past (Bergerman and Xu 1997) . Even though the manipulability ellipsoid approach is the most widely used techniques, it has been shown that the manipulability ellipsoid does not transform the exact joint velocity constraints into task space and so may fail to give exact dexterousness measure and optimal direction of motion in task space. Other types of dexterity measure were proposed by Youheng and Kaidong (1993) and called Average Service Coefficient (ASC) and the Dexterity Effective Coefficient (DEC) . The authors demonstrated that by deducing the relation formulas between the dexterity indexes and the linkage parameters of manipulators, a dimensional optimum synthesis model can be obtained. Dexterous workspaces have also been addressed by researchers (Wang and Wu 1992 and Yang and Haug 1991) but offers only a general guidance for placement.
A method that does not use inverse kienematics was proposed by Rastegar and Singh (1994) using a probabilistic approach for optimal positioning of task spaces within the workspace of a manipulator.
A mathematical theory for optimizing the kinematic dexterity of robotic mechanisms was presented by Park and Brockett (1994) . Using methods from Differential Geometry, this approach takes into account the geometric and topological structures of the joint and workspaces.
Dexterity measures based on the notions of the scaling laws of biological systems were proposed by Sturges (1990) . Values for the index of difficulty are shown to vary in the work space, and the loci of maximum dexterity that indicate the most favorable task/effector arrangements are determined. Kim and Khosla (1991) introduced a number of dexterity measures. For example, the measure of manipulability has an analytical expression, but it depends on the scale of a manipulator. On the other hand, the condition number is independent of the scale, but cannot be expressed analytically. These two main problems (scale dependency and analytical expression) of previous dexterity measures were later addresses and applied in the design and control of manipulators.
Manipulability polytopes as a dexterity measure were introduced by Lee (1997) and were compared with manipulability ellipsoids. Extending the concept of manipulability ellipsoids to cooperating arms have been proposed and demonstrated by Bicchi and Melchiorri (1993) .
In this paper, we propose a numerical method for the placement of robot manipulators based on maximizing the dexterity at specified target points. We will first define a number of necessary constraints in order to impel the workspace towards target points.
We will then define a cost function that is based on a new measure of dexterity at each target point. The problem is then characterized in terms of a maximization function and is addressed using numerical techniques. 
Criteria for Impelling the Workspace
where F:R R n → 3 is a smooth vector function defined as a subset of the Euclidean space. Surface patches on the boundary of the workspace were delineated in previous work Abdel-Malek, et al. 1999) 
where we have used a rotation matrix R to capture the orientation and have used a position vector v to capture the position of each surface such that the generalized surface is now denoted by Y
where the six generalized variables in w are used to track the workspace envelope.
and where ε j > 0 are specified constants. If a target point satisfies both conditions of Eq.
(1) and (2), then this point is internal to the workspace (i.e, have placed the workspace in a configuration such that all points are covered by the workspace).
In order to impel the workspace towards the target points, we propose the following two constraints: (1) The target points must satisfy the constraint equation (i.e., located in the workspace volume) and (2) The distance between the target-points and the workspace must satisfy specified constraints in order for the target points not to be located on the boundary. These constraints are defined as follows:
(1) Workspace envelope at least covering the target points (shortest distance between target points):
where the totality of points in the workspace are also translating and rotation in space
and β is a very small positive number and subject to the inequality constraints on joint
(2) Embedding the target points inside the workspace volume (a minimum distance between target points and surface patches).
where ε j is the depth of the target point inside the workspace volume. There are 
Placement of the Manipulator for Maximum Dexterity
In this section, we define a cost function that is based on maximizing the dexterity at target points. Indeed, to mathematically formulate this problem, it is necessary to use an analytic dexterity measure at specific target points that can be manipulated. Because dexterity measures in the literature do not account for joint limits and because of the need for an analytical expression that can be used in the proposed optimization method, we define a new dexterity measure.
Dexterity Measure
In serial manipulators, joints are constrained, sometimes due to space limitation, others strictly by design and are usually specified by an inequality constraint of the form
, where q i L is the lower limit and q i U is the upper limit. In order to include joint limits in the formulation, we have used a parameterization to convert inequalities on , ,..., n T such that
These generalized coordinates λ i are called slack variables in the field of optimization,
, ,..., n T n R . For any admissible configuration x o and q o , i.e., at a target in space, the following ( ) n + 3 augmented constraint equations must be satisfied
where the augmented vector of generalized coordinates is z x q
, the augmented coordinates can be partitioned as
The set defined by G z ( ) * is the totality of points in the workspace that can be touched by the end-effector of a serial robot manipulator while considering joint limits. The input Jacobian of G z ( ) * is obtained by differentiating G with respect to z * as
which is an ( ) ( ) n n + × 3 2 matrix, where
We define G z * as the augmented Jacobian matrix.
Since this Jacobian inherently combines information about the position, orientation, and joint limits of the end-effector, it is a viable measure of dexterity. Furthermore, because of the simplicity in determining an analytical expression of G z , it is by far a simpler approach in comparison with the widely used manipulability ellipsoid. We define the dexterity measure as
Note that the measure characterized by Eq. (11) takes into consideration all joint limits and singular orientations.
Geometric Significance of the New Dexterity Measure
Relationship with the singular values
A singular value decomposition of the augmented Jacobian matrix can be represented by:
where 
where
Equation (15) indicates that the dexterity measure is the product of augmented singular values. When the augmented Jacobian matrix degenerates, one or more singular values will be zeros, then the measure is zero, i.e, some of three type singularities occurs.
Equivalent Ellipsoid Geometry
From Eq. (10), we have:
which is equivalent to 
From the above discussion, we draw the following conclusions:
(1) The proposed dexterity measure is more accurate in describing the manipulability of robot than that proposed by Yoshikawa (1995) , because it considers all singularities (Jacobian and others) as well as joint limits.
(2) The proposed dexterity measure and that proposed by Yoshikawa (1995) can be interpreted in the same manner in terms of singular values and ellipsoid geometry, but are not directly related.
Mathematical Modeling of the Placement Problem
Given l target points P ( ) ( , , ) P , where it is necessary to place the manipulator to achieve maximum dexterity at each target point. Note, however, that this is a multi-objective optimization problem. Therefore, we will give dexterity at each point a weight so as to transfer the problem into a usual optimization problem that can be readily solved.
A mathematical model of the placement of the robot base subject to maximizing the dexterity at specified target points is characterized by the following optimization problem.
= 1 2 L l are specified weights at each target point.
Subject to:
(1) Target points are inside the workspace volume (Eq. 2).
(2) Target points are not on the boundary of the workspace envelope (Eq. 4). 
The set of constraints in Eq. (23) is to impose the unilateral constraints on each joint and the second set (Eq. 24) to constrain the motion of the base within a finite space.
The algorithm for achieving placement is shown in Fig. 1 .
Define target points Reach envelope has been identified
Cost function e.g., dexterity 
Simple Example
Consider a planar 3DOF manipulator arm as shown in Fig. 2 consisting of 3 revolute joints. This example will be used to illustrate the theory and will be followed by a more realistic manipulator model of the upper extremity. There are three target points, namely, Results of the workspace determination yield the following boundary curves (note that curves are generated because we have restricted the manipulator to planar movement.
The boundary curves are defined by the following sets:
Subsitituting the singular sets into Eq. (27) yields equations of curves shown in Fig. 3 , which is the exact workspace of the planar 3DOF arm (Abdel-Malek and Yeh 1997). We shall use x and y for positioning and α for orienting the workspace. 
= P
Note that any configuration that would have included the three points is a solution, however, the solution calculated using this method yields the position of the arm that would maximize the dexterity at all three points.
Example: A spatial 3DOF arm
Consider a 3DOF spatial manipulator where the coordinates of end-effector are given by 
This coupling reduces the number of DOFs to seven. The D-H parameters for this arm are presented in Table 2 . 
Note that this is a common problem that arises in the design of assembly lines, cells, and in any ergonomic design of workplaces.
The position of a point on the end-effector is determined from the Denavit-Hartenberg formulation as 
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Conclusions
A general optimization method for locating the base of a serial manipulator in a work environment while maximizing dexterity at specified target points was presented. It was shown that it is possible to place the manipulator by effecting translation and orientation of the workspace generated in closed form and characterized by surface patches on the boundary. It was shown that the placement problem can be formulated as an optimization problem where the cost function is dexterity and the constraints pertain to including the target points in the workspace.
A new dexterity measure was introduced that takes into account singular behavior and joint limits, which is a fundamental improvement over that reported by Yoshikawa (1995).
It was shown that the proposed dexterity measure can be used as a cost function in an optimization algorithm whereby the robot workspace's motion is tracked using six 
=
, where G z is defined as the augmented Jacobian matrix.
The objective is to find the constant subvectors of q, denoted by s, which make the subJacobian G z row rank deficient. Three singularity types are identified:
(1) Jacobian singularities (called Type I) that satisfy 
where Φ( ) is the Jacobian after reducing the order of the manipulator. 
Intersections between these singular surfaces may exist. Moreover, these curves partition a singular surface into a number of regions called subsurfaces. The result is the identification of all boundary surface patches that characterize the manipulator's workspace.
